
Dey 've Let s = set , a binary on S is

a tuition f- = Sts → s
w w
domain co - domain

5×5 = Eca , b) I at S . be 53
convention we will often write flails) as

"

a. b
"

or
"

ab
"

pp
allows us to be less

Def
'

n A binary operation fr. sis → s is associative careful when writing down

if H a. b. C ES
, f- ( fca ,b ) ,

c ) =¥Ib , c ) ) long
' '

products
"

in new notation : (a - b ) . C = a . Cb . c)

exist 5 = Muck) = nxn matrices w/ real coefficients
y CA , B ) = A . B ← matrix multiplication , which is associative

key fact composition of functions transformations is associative

Def
'

n A binary operation is commutative
if It a. b ES ,

a. b = b. a

ex's t CR , t ) - real number addition

Def 've Given S equipped w/ a binary operation ,

•

,
we say

( S .
. ) has an itye¥

a
pp doesn't change identity

if I e ES s.t.tt aes , a. e = a = e.

Def
'
n An element a of CS, .) is called invertible cute = identity)

if I beg at
.

ab e e = bae

Def
'
n A is a set CG

,
. ) w/ a binary operation St.

is it's associative t closure under operation
iii) I an identity element e EG

iii) every element in G is invertible

If . is commutative , G is calledanabeliangneenis.iq= { bijection T
: 1122 -31122 so that 7 ( standard unit square =L) =L} }

~

binary operation : composition↳
another name : D8

Thur: Dg contains exactly 8 elements
proof ?
mum

claim If HE G ,
then 4 can be expressed as a finite composition ①

then Y can be expressed as a finite composition 4. offs - -
"

where for each i
,
fi = rotation by 95 counter - clockwise{ reflection over a horizontal line of symmetry}

84 = h' rotation for 4 times = reflection twice

Def 've A④ H of a group CG ,
. ) is a subset of G which is

with respect to .also a group
claim Given a group CG ,

o ) & H EG ,
H B a subgroup of G

⇒ D H hi , ha EH , hi oh , E H closure

2) Hh E H , ti
'
E H invertible



Def
'
n Given { i. 2.3 , - -

-

s n 3 for some n EN,

define Su = ( { bijectionS T : El , 2,3 . .. . ng → El . - in}} , composition )
Fact Su is a group , called the

"#ponwQ "

Terminology elements of Su are called permutations
I 2 3 4 J

EX'S I
say n es , the T : y

'
-
t o d

24 I 3

re = ( I 5 3 4) ( 2) E '
'

cycle notation
"

-

I to 5 , 5-to 3 , 3 to 4 , 4 to 1 and 210 itself
caution cycle notation is not unique t
inverse

( L 15 3 4) (z) ) ( (I 4 3 5) ( 2)) I 4) C2) ( 33C 4) Ct)
1--
T ti' identity

Let TE Su . Define NY = nth matrix obtained from In after permuting rows of
In via re

ends TE 54 , Te C l 3 4)

"÷ : ⇒ c÷÷ :L
"t

i, * = compute Mix =

observation

µ. .

=

m )
Thur
e) HEE Su , detente) = II

Cri) Given p . gesu , Mpg -

- Nlp - Nlg

Def've Given TE Sn ,
the of T is the sign of detente)

Def'm gmatu.tn#r:gcdca,b ,
d-- p- at 9

-
b

ext Euclidean algorithm : gedi 314,136 )

Def've Given a.be 2L
, a.b to , at b ate Italy if gcdca . b) =/

Trout gobs. aib) = product of prime powers cannon t prime factorizations of a 4 b
corollary : a debate relatively prime ⇒ godcabs = I ⑦ aEtb =/

rat Sb =

'

l

corollary : Suppose p = prine ( i.e. 2 , 3,517, " , . . . ) Thengiven a ,b EZ . If a lab ,
then

Pla or pH :b C. or both )



Then IT SEZ is a subgroup of CET)
then either S -- trivial subgroup

or I AEZ,
a -1-0 so that S -- a@= { multiples of a}

PJ suppose S is a subgroup of c.Z.it)
We know O E S

if no other elements are in S. S -- Eo} . So S -

- trivial subgroup
Otherwise , I n EZ , h o

'

g n E S, h C- S ⇒ -NES subgroup includes inverse

since one of n & - n has to be positive , assume n 70

Let a = min { k l k > o . KES} -
choose KEN ,

then K-a = at at . - ta forKtimes intuition ;

K . a ES
,
since a E S and S is closed under addition a is the smallest

K. a E s ⇒ - ka es s contains inverses \ component
-

⇒ AILES

Now UTS S E AZ to prove S=aZ

pick u E S sit . n = qatr , for some q C- 2 ,
0 Er < a

AIL Es ⇒ gaES . Also , hes ⇒ n -ga ES ⇒ re

⇒ r=0 because a is the minimum t

⇒ n
-

- ga
⇒ se az a

Thm Let G -

- CCG .
. ) a group I let I -- set 4 let EHi3ie1 be a family

of subgroup's of a indexed by 1 . Then
a! Hi is a subgroup
u

{ heal he Hi Hi3

Pf WTS:

ii. Hi to : ee Hi Hi ⇒ e Eef, Ho
II ) Hh , .hr E 1¥ Hi ⇒ haha Eff>Hi : h '

Def've Given all { BZ ,
consider S=aZnbZ .

S is a aubgrp 4 it's a form
of ME , for some m :

MZ = AZ n BZ . so m taz
'

g ME BE

⇒ in is a multiple of a } ba
.

m is called 6astaonnonmi.tn#



Def
'

n Let CG .
. ) = any group 4 XEG . Then the toying generated by X,

denoted ex> , is all powers of X:

<X > = 9 .
. . . X

"
, x
"

,
e , X , Xt , Xb. .} → intersection

Thur In G, let text = E H EG f H
= subgroup , XEH} .

Then
,

µ,
H -- ex >

Proof For any HETCH , XEH by olefin of Tox)
XEH ⇒ y

'
, . . . . x

- "

"

E H since H is a subgroup
+EH ⇒ T

'

, a-2,53 e
-

- -

- Elf since H has inverses

EEH as well

so f . . . I , X
-
'

i e , Xix
'
. .

. } = Lt > EH
so as e AH

HETH)

WIS AH E ex>

Let g E H WIS g C- La > , i.e
. g-- Xk for some ke Z

suppose gtxk for any KEE
But at > ETH) 4 gota>
⇒ contradictions so

, g
-

- xk for some KE E ⇒ gecx> Da
<X> is the smallest snbgp of G containing X

Proposition Given XEG = group .
let Sx CZ

Sx = { KEEL Ixk=e} Then Sx is a subgp of CZ , t)

PT Sx to since o c- Sx exo -- e)

suppose Ki , ka E Sx . i. e. , Xk ' = aka = @ ⇒ Xk ' yKE e ⇒ kith, e Sx
Xk -=e → x

-k
-

- e
-'

ee ⇒ - ke Sx

Sx a Subgp ⇒ Sx =nZ for some n

Def
'

n n is called the of X in G
.
xh=e ( since heh Z = Sx)

Note : assume n is positive . if hot , replace it with - u
as long as 5×1=903
In this case , n is the smallest positive # St. X'

-hat number
=e

Note x
ht'

= X

X
"
X = ex = x

so when orderly ) -- n

LX> = { . . . . X
-2
, X
-t

. . .
" XZ

.
.
.
-} = {e , X , Xh, . . . . x"

"

}



Pef
'

n A tropism is a function f : CG .
.) → ( G '

,
. )

H gi . 92EG ,

4cg , .gs) = 4cg , ) . Ycgs)

general er's
i ) If G , G

'

are any groups, late
' devote identity element of G

'

.

Then 4 : q-7g
'
is a homomorphism, the "trivial homomorphism:

"

4191921 ie
'
= e'e ' 4cg, 14cg 2)

it ) If H = subgp og G , then i : HSG a homomorphism , called "

inclusion
"

h → h

Lemma
t ) Given a,

,
.
. . .
an E G . Yea ,

- a. an) = flat ) .
.
. Yean )

ti ) IT e ( resp , e
' I denotes identity in G Crespin G

'

) , Yael = e
'

iii) It at G . Yea
"

) = yeah ( inverse map to inverses )

Def've Given 4 : GSG
'

a homomorphism ,

of 4 Img = 9g 't G ' I 7g EG s-t
. Gigs - g

'}

④ g is kerf = Eg EG 14cg ) - e'3

Lemma Imf is a subgp of G
'

f Kerry is a subgp of G
F) For 1mg

① ing to cuz e'E imf since Yle) -- e
'

② Suppose ai . as
' EG

'
in imf ⇒I amaze G sit. Yea ,)=a, ' , Yasha:

a. as EG 4 419194=4Cadillac) -- aiaa' Ginny
③ a

'

E imf ⇒ 7- at G sit . yea)
-

- a
'

flat ) -_ ( yeah
- '
= ca'T

'

= a
' - '

E imf



Dey'm A homomorphism : ASG
'

is called an ishim if it's a bijection
i. e . Imf = G

'

.

lemma of is one to one ⇒ Ker 4=9 e3{
an isomorphism y '

- G → G
'
is a hour s-t . Kerry - Ee } { im g -- G

'

east conjugation
'

-

Let @ = group , g EG . 4g : GSG

define 4g Ca) = gag
-'
=

'
'

thete of a by g"
claim . yg is an isomorphism L

D Yg is a hour : Given a . be G, 4g Cab ) = gabgt = gacg'
'

g) bg
"

= (gag
- 1) cgbg

- '

) = 4g Ca) ygcb )

2) her 4 = fey : suppose fgca) -

- e ⇒ gag
-I

= e

→ a = g-leg = g-
'

g
-

- e ⇒ kerf = hey
3) img -- G

given a GG g-
'

agEG Ugc g-
'
ag) = gg-

'
agg

- I = a



shtetl
Def 'm A subgp H of a group G is called normal if Hg EG , 4gal)=H

Def've Given a set 5 ,
an equiv is a subset , E , of 5×5 ,

satisfying.
-

is it x E s , um , EH

ii ) H x.YES , if cxiy ) EE , then Cy H)EE

itt ) Hy , y iz E S , if cxiy JEE 4 CY , -2 ) E E , that Xi 2-SEE

whenever Nig , e
E
, ne'll often write x⑤

and will say xisequivaGntto#

Def 've Given a set Stg XES
,

'

g an equivalence wth N , the equivalences
of X , denoted IT? , is EXI = {yes I try3

7hm If 5= set , n = equivalence rel
'

n
, then the equiv classes of ~

difintypaiius.ie. every element of S is contained is

EXACTLY one equivalence class
.

Given 5
, ~ = equiv teth on S . 5 = { Exit X E S3 = setoyequivclas.es#

In this situation, I a map Tl : s → 3
x ⇒ EDI

Def
'
n G -- group , the subgroup of G ,

a EG

The n'g of H with respect to a is

Ha = Eg EG II heft at . ha=g3
Lemma Ha -

- Hb ⇒ ab
-'

EH
i )

Leonora Given G. H= subgp . the rel 'm defined by a-b ⇒ ab
-'

e tf is an equiv win.
2)

The equi class of the equine relics are the night he sets of H.

3) The equivalence class of n are the night assets of H
i. e . given g EG Eg ? = fatal gray = Hg

a) since equiv classes always disjointly partition a set, every
element of G is contained in exactly one coset .



Lemma Ig lol c P .
H = aubgp . every night coset of H has the same #

of elements t i. e . given a. be G , size (Ha) = size CHB)

Pf H at G , sizecha) -- IHI since H is itself a night coset
Note of : H → Ha is a bijection

h tha

onto : Hg C- Ha , I HEH sit . g-- ha , so

oneto one : 4th, )= 4421 zsetg can be put in

hia =h2a ⇒ hi -- ha bijection E) they hereto
same size

Lagrange H G is a finite group .

'H a sabgp of G .

Theorem then IHI l l Gl
Pf The right coset of H share no elements in common

4 They cover all of G

AND. ( Hal = IHI by the last lemma .

so IGI = ( # of night co sets of H) . ( IHI)
-

notation E G HI

" index of Hing "

corollary If at G , then ordercall 1Gt

Recall given g EG . the coujug¥phhn for g is yg : G→G

a. to gag
"

A subgroup H in a is called normal if
HGEG , 4g CH) CH Hs G

Proposition: Lf if : G → G
'

a home , then Kerry AG-
Pg WIS : Given a E kerf

'

g g EG , 4g ca) C- kerf
gag
"

ycgaj 's = 4cg ) ycattfcg
- 'I = 4cg) e

'

ycg
-J = 4cg) qcgj

'
-
- e' C- kerf



Thur e the following are equivalent)

i) HT G

ti) Hg EG , gttg
- '

= { at GI the H sat . a-- ghg
' '

y -- H

init) H g EG , gH=Hg

riv) Every left coset of H is a right coset of H.

i. e . given a H, I b EG , art . at = Hb

Pg :

cikeii) 4g CH ) CH is trivial

Hc youth ⇒ Yoji CHI CHI 4gal H ) -- g-
'

Hg so g-
'

Hgctt
H HEH ,

7- h' C- H sit . g-
'

hg h
' ⇒ high

'

h
- I

- ⇒ Hog Hg
- '



Recall Remember the rank- nullity than them linear algebra :

V. W = finite dim vector spaces , TV→ w linear

diner , = dimckert ) t dimcrangecti )

Goal: Do sth similar for groups ! i.e .

intuition :
linear group

v. w -

- vector spaces G. G. = groups f
II.Fg"Ids+:[sq

T: ✓→ ur linear y .

.

→ G
'

a homomorphism pancakes

ketch ) bercy ) i.e
.

normal subgp
( subgpsckerllf) )
- G '

= collapse pancakes to
bone point7hm A snbgp H of G is normal

⇒ ⇒ a group G
' '

g a
hour 4 : a -7 G

'
at . He kerccf)

Let's find G
'

sit
. I am onto hem y :G→G

' with kerf It

let Gry "

G med H
"

= { right wsets of it in G)

Fact 7- a binary operation tuning it into a group

Iq this will be our G

t 7- 9 G → GIH Ig ↳ figjf ⇒ we defined 4
as this

considering its domain

Go
.
here f) = E g EG 14cg ) = Hg & co- domain

so tarty) = Eg EG ( Hg
-

- H3

Ha -- Hb ⑦ ab
-'
CH§ Hg=H ④ get

J bercy ) - If
Given Ha . Hb in GIH define an operation

•

Ha . Hb =
" Ha Hb

' '

= ( g EG f th . . hze H sit
. g= hi ahab]

Actually , we shared that Hath = Htleb CTFAE )

HH ab c Hab since His closed

it g C- Hab ⇒ g = h - e - a -b ⇒ GE HHab

⇒ HH ab = Hab



V is an abelian group ⇒ any snbgp is normal !

Lemma Given H TG , if Ha -Ha
' { Hb -- Hb ' then Hab = Hab '

WIS : abc a' b'5
'
E H we want the coset

themselves matter

instead of what

produces them ?

O
Ha - Ha

'

so far, we have that d ' has a binary op'm .

Y : G → G
'

g is Hg the stuff
above)

Given a. be G . flab) = Hab =
HaHb = yea ) fcb)

⇒ 4
"

has the hour property
"

.
Cue don't know G

'
is a

group

Note : f is onto ! Given Hye GIH , 4cg) =Hg Yet )

T

( co sets)



Lemma If G is group .
Y = set with binary operation

by Y : G → Y at . Y has the tour property c Y is not a group)

I suppose if is onto .
Then Y is a group . f y is a hoon

Pf Associativity : Given a 'bio EY , y auto ⇒ 7- a
'

, b
'

,
c
'

GG sit. yea 's
-

- a .

4lb
'

t -- b , ya 't =C .

py is how

he
,
cab) C = lyla's yob 's ) ya't = 4ha

'

b'Dyce 's = cfc lab 's c
')

G is gp
'

-yl a' lb
'
C
'

)) = yea
'

) 14lb's Red )) = yea
'

Hbd = a Cbc)



10.5

Given a normal subgp H T G .

to amstruot a onto han y .. G→ G
'

for some other gp G
'

sit .

is G
'
= GIN ( only a group H is normal )

it) Y : G J GIH is the
" natural

"

map .
i. e . 4cg ] =

'Hg
iii ) identity element of -GH is it chg . H = H Hg -- Hg)

Iv ) 4-
'
CH ) -

- kerf = H
Tan element Guy

* subset in G

v ) The co sets of H in G are in general , the pre- image sets
-

of 4 .

' ' fibers " = set of elements ing
all mapping to same place

brief we described a hrerehine which
,
when we inputted a

horned aubgp H T G , outputted au onto hour of : G → GAY

1st Given if :G→ G
'

an out how
,
let her .f=N , Then GINibemo

theorem is isowophic to G '

.

Also , I an only isomo Tf : GIN →G ' that
"

iommteswit
the natural map a : G 5 GIN , Tug) = Ng ⑤

of
the order

i.e
. 4=-4 o To G → g

'

p,
of doing things

Huggy, y doesn't matter



Pf start with f. GSG
'
an out how

. Define ? : GIN ⇒G '

aber

by GING ) = 4cg )
For this idea to actually make sense

,
he have to

show that if Ng ,
= Nga , then 4cg D= figs) names don't

matter x2

Ngl = Ngs ⇒ gigs
"

E N = her if
⇒ 4cg , gz

- '
J -- e

'
( identity in G

'

I ⇒ of is hour

⇒ 4cg , ) 41925
'
= e

'

⇒ 4cg , s = 4cg 4

N is normal →
kernel of any

i ) Hom is always ag- is a horn: Tf ( Ng , , Ngz ) = TflNgigz ) snbgp

= 419192 ) = ycgikflgz) e TfHgilTflNg2 )
II , Tf is onto : Given g

'
E G

'

Given g 't G
'

, want to find some X E GIN sit . Tfcxs -- g '

if onto ⇒ I y EG hit . fly ) -- g
'

.

Then They )= Ng

f Teeny ) =ylyI=g '

iii ) Tf is one to one : if Tflhlgi ) = Fl Ngl

⇒ 41911=41 go , ⇒ 4cg , ) figs 5
'

I e
' ⇒ 4cg , g.

- I
,
= e

'

⇒ gig,
"
e her 4 = N ⇒ Ng , Nga

iv) commuting : Given. go G ,
WTS that fig , = -4 ( Ttcgi) .

Tug) ⇒ Ng f



For uniqueness , 4 satisfies , if : G ,'m → G
'

,
an "so,

if = Yo TL . f
g E G → G '

ab Qty↳
ng HN

for this to work 4 has to send the coset

Ng to figs .
Because if not , 4cg ) f Yong D.

But , this is exactly how we defined TV , so -4=4 ,

kerf is called the
"
commutator subg p

"





Oct 12

Def're A s of Q is a subset R CQ ,
closed under

addition
,

subtraction , multiplication 4 containing 1

ext "

Gaussianintegers
"

. Zeit = fat bit a , b EZ]
Given a EZ

,
consider E EAI = subring generated by a

= smallest subring of Z containing a

Note . . any subring of G contains LZ as a subset
(it contains i 9 it's closed under addition & subtraction )

ZEA? = smallest subring of ① containing a
-

c 's so it also contains Z)
Z adjoint

If Ao
, ai , - .

.

. An E Z . then and
"
t an-19

"- '
t - - t aid tho C- Zed't

I#
polynomial pox)

"

so
, ZEN contains pen , where p is any polynomial with

integer coefficient.

claim : the polynomials are all of ZEKI
Phool :

let s={ aught . . - ta
,
at a. the#

'

g aoi . . . anEET
Then Sis closed under addition

multiplication t subtraction

Also , i E S ⇒ s is a subring of ① cuz Zena is
⇒ Sc zEaI ⇒ 5=22-41 the smallest

nonZero
r

Dey're a EQ is called algebraic if I a polynomial w/ integer coefficient p
hit . PLA ) = 0

Otherwise ,
d is called transcendent

If x is transcendental
,
ZedI is in H correspondence w/

an polynomials w/ integer week 's

i.e
, if Amant . . . . -1 aid t do = bud

"
t . . . -1 bid t bo
- *

then m=n , am -

- bin
. . .

. Ao = be

* ⇒ m> u

Amd
"

t . . . t ( an - bald
"
t - - - t Cao -bo) = 0

so pox ) = awxw t - - - i 1- fan - but x " t - - t a. -b . is a poly 's with

Z wet 's set . peas =o But d is transcendental ⇒ pcxs
-

- O

L



Def
'

n A is a set R , together with 2 binary operation ,
called "

addition
" '

y
' '

multiplication"

satisfying :@j CR
, t ) is an abelian group ( identity =

' '
o
"
)

Tt
R

@Is multiplication is commutative

associative

4 F- an identity element called " i
"

Citi) Hai b , c E R .
Catb) C = act bc

A subring of R is a subset S c R,

closed under addition
, subtraction . multiplication 's cantering l

.



Oct 14

+ ring
Dey' n Ly re R } Is ER sit. rs -

- I , r is called a in R

Dey'm LJ F is a ring where every non - zero element is a unit ,

then F is called a field .

Lemma Lf R is a ring which 1=0 . then R= 90.3

PJ let a E R ,
a. I =a by olefin of multi

That 1=0 ⇒ a-road .

A "

Coto) = a.of a . O

O = A . O = a

-

Ly R is
any ring , we can form a new ring

called 122×1 = [ poly 's w/ cook 's in RI

Def'm A ring homomorphism y : R → R
'
is a map

set It a . BE R , ylatb ) = 4cal tycb);
y cab) = yeas . 4lb)

Ycl ) = I r
'

generalized evaluation

substitution Let y : R -7 R
'
be a ring how

Principle
let RHI be the ring of poly 's w/ wet 's in R .

Then given your fav AER
'

IL ring hom Q : Reid → R' ht .

Teak, = if
i ) TIC constant poly = r -- ring elements = yer)

bi ) Tom = a

⇒'



Dot 16

Intuition Every ring hem is the restriction of a unique generalized evaluation
~
④

the only unique one once you choose a G- Rl

Pf Given y : R → R
' taek'

, define Ea : RIXI → R
'

by
Zlatan xht . . -

t a. X ta. ) = flan)a
"
t

. . . tyla , sat Ycao)

① Ea is a ring horn

*

② uniqueness



7hm If R = ring , then CREXI )EyI = REX , ya
PJ R is a subring of Rzxz { Real is a subring of (RHI toys

so
, R is a subring of (Reta) Cy't

Consider the map Y : R → (RZXIJEYI ( inclusion)
r t> r sends to itself

hub principle : : I t ring tom Ii REX ,] I -542ha) Eg't

claim : E is a bijection

RTXI is a subring of Rex , ya .

I inclusion : REX IS REX,ya

so by sub principle:

T :( RTXI) Iya → RTX,y ?



Oct if
Dey'm An ideal of a ring R is a new- empty set I E R sit.

t ) 1 is closed under t

eti) Given RE R Y SEI
,
rs EI

Leanna Given f : R -7 R
'
a ring hoon

.

then kerf is an ideal R
"

Everly ch -

- 0,23

Pf .

Note 410121 = On ⇒ bereft f

Ly ai b E kerf

flat b) = . yeast 4lb ) = On' ⇒ atbEker9@p.a -- ok
2g re R f SE leery

of D= yes, yer) = Ok' - yes = Ok' ⇒ rs Ekery
Lemma 1 is an ideal ⑦ IF $

1 any linear comb us , t - -it task of sie 't fryER is in 1

ett Given a ER . its " multiples
"

form an ideal

{ ralrtk}
*

"principal ideal
"

generated by a , denoted as Ca)
,

-

An ideal is proper if I tore}
'

y if IFR

caution : proper ideals are NOT subring s "

if Ir C- I , then 1=12

Prep .. Every ideal in Fox? is principal
Afield

A- ring in which every ideal is principal is called
a

"

principal ideal domain
"

c PID ,

i. e
. if F = field , then Fett is a PID

Doty's A poly ant
" t - " ta , X tao is ironic if an -_ I

poly division tf R - ring , je RCH f f is ironic
.

GER -047 , then It poly 's gun 9 REN E RETI Et .

guns : fungus trots , 4 degcrscdegcy)



PJ Fix I = ideal in Fut . WIS I = cycxi)

for some FEI , If I = fog . I is principal , choose f- o

so assume I to ⇒ I nonzero poly's in I

choose f GI set . clergy , is minimal among all possible poly 's inI

suppose fuk aux
" t --it a.Xt a.

F- = field ⇒ 7- a multi inverse of an . Multiply J by an
''

(we are still in 1) we get Flat = x " t an-tan
'
x
""
t.- ta, an

-'

X

1- aoan
- I

degc-5 ) = deglf) ,
so it's minimal degree AND ironic

claim : I = CF)
(F)CI . WIS ICCF)
choose gli) EI - polynomial division

④

g
-

- Fqtr ⇒ g - Fg Eh ⇒ REI
IT
contradicts

⇒ g
-
- gf ⇒ z Ccj,

unless rcxs -- o

very Tg R is any ring , I 'd ring hour y : Z -512 .

basic
ht 's given by Yuri -- Irt Ipt . > the , f yl-ht = - 4cal.winner

The characteristic of R is the non- negative number n

generating the kernel of y:&
→ R

i. e . smallest th of times you hereto add Into

itself in R , to get Q2 .

1211 = { Ital a ER} has a group structure since 7- is normal

Does it have a ring structure . 22



Oct 21
Them

.
It way of turning 1211 into a ring
sit

. natural map TT - R → Ez is a ring hour w/ Ker --I
r -7 Itr

{ wsets Itv1 re R }

Pf Ita . Itb E 1211
sketch

Efta ) . ( Itb ) a. = It ab

WIS Ita '
⇐ Ita 4 It b

'
= Itb

, then 7- tab = It a'b
'

a' Etta
'

thusat Ita
i
,

a
' =D

,
ta b

'
-

- Est b

a' b
'

= @it a) list b) = a'riztoizatiub tab
w
EI

⇒ a' b' - ab f I ⇒ It a' b
'

-

- It ab

multi identity : It Ir

add identity .

. 1

If air → 1211 is a ring how

then ketch) =L

Correspondence Let y : a → G
'

ah onto gp how7hm

Then I a bijective correspondence.
"

a' steak"÷¥¥g
.

given by if H is a snbgp of G

containing her y . Send H to YLH )

And if L is a aiubgp of G
'
,
send it to

4-
'
LL) = qgtalycg ) =L]



'

Y : R → R
'

onto ring hour w/ kernel KCR

then I bijertie corr between ideals in R
'

{ ideals in R , containing K .

If I in R corr to I
'
in R

'

then If 2¥

ist iso thin for rings

Let f : R -7 R
'

s a ring how w/ kernel KCR

I be an ideal in R .

let TL : R → 1¥ be the natural map

Lf I Ek .
It rig ban Ju : If → R' sit .

If T is onto 4 I =k , J is an isomo
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RICA
, . . .

. . and the same as putting Lai
, . . .

,
an) as 0

Given 7- = Laib )
,
we want to understand Rfa , b)

Onto

I airing hour 7 : R -7 Rha) berth) -- Ca )
r ↳ rt ca)

correspondence thru

⇒ I a way to partner ideals in Rda)

with ideals in R containing cat .

←

I is the idea in R containing Ca)

= (Aib)

By Efta)¥I , alla .bD= Tubb

Rha .bg = 'a'Haub))

Ext Reika z ) (Zeit = {atbit a. BEZ } )

strategy : onto hour ⇒ it is thin f comesp thin

onto Yi : 22h11 → ZEIT

pix) 1-7 Pti )
Deryni = CITI)

ist iso thin ⇒ Ethyne, k ZIZI



ZEAL,a. x-H
① trod out ZEXI by CX-23

an onto hour : cfz : LZEXI → Z
p ↳ Pc2)

her 42=4-21
Then we want to nod Z out by 42*4=5

ZYz, =4sz



Oct of

Adjoining 12=42
,
-1 , . ) we want to add a new element

called "

of satisfying i2_
new element a relation

Define Reit = { ath la , be Ry
I

R adjoin a

Preposition R= ring , Jon = monic poly in REXI

suppose LJLXD 70 , let u = degcf)
then let Red't denote the quotient ring #¥yµy←

= the ring obtained by adjoining
element "

d
' '

to R St
. JK ) -- o

a) The bet Cl , d ,
-
- -

, d
" "

) is a basis for REA over R
.

i.e
. for any DEREN ,

D= ro
. I that - -

- t rn-id
" '

for some unique ro , ri , .
.
.

, ru- I

b) Addition in REM Corr. to vector addition

c) Multiplication of linear combinations is given by:

if Bi s Be Great
,
let g. Cx) , guts be poly 's at. peg , K) . Begun)

Use poly division

gigs = Tg tr where degcr) cu

Then B.Ba -- red)

Def'm A ring R is called an integral domain if such a larger
my exists

.

i. e
. if a ,

be R f ab = Or a-- o or b-- o

won- ex Zug
waposite , eg :b

↳ R = any ring , place an equiv rein on RXR - for }
( a. b) n Cc , d) ⇒ ad = be

AT t Ed : = adtbcbd
aged : = AID

This forms a field ,

called field of fractious of the integral
-

R domain



Oct 28
Them cheating fields from rings .

Given R-- ring , philosophically we might imagine creating
a

field from R in to ways

i ) add elements
, yielding some field F se . RCF is subring

to kill elements. yielding a field F as 1211

Note : if R has zero divisors , cis is not available

This co ) B an integral domain
.

Given A- integral domain ,
consider ~ on RMR - fog) as :

( a , bi - Cc , d) ⑦ ad =bC

Ther FCR) =
"field of fractions"

Mb : if car , b) sea
'

, b
'

) . cc ,
d ) =L c

'

, dy

Then ladtbc
, bd ) = Ca'd't b'c' , b'd

' )

Proof : NTS : (adtbc) b'd
'
= bd ca'd't b'c

'

)

Note : FCK) is a field ⇒ every non- zero element B invertible

4 ring axioms ar satisfied ,

earn
T

-
is the o - element

g. by
-

- Ma -- t,

Mapping Principle :

Zf F is a field aenthaining R= integral domain

as a subring , then I en injective ring how

y : FCR ) →f- , given by flea ik) = flats) -- ab
"



Quick terminology for integral domains:

- w is a unit is an element in Ry a multi inverse

- a divides b if I get set . b= ag

- a # unit is a proper divisor of b

if I 9 ER , get unit sit
.

b = ag
- a { b are associates if each divides the other.

or , Tf b -- ua , u= unit

- a is irreducible tf at unit 4 it has no proper
divisors

- a is prime tf at unit if whenever pl ab ,
Pla or p lb

lemma R -- integral domain
then w is a unit ⑦ Eu) =R

a divides b ⑤ Cb) C ca)

a is a proper divisor of b ⇒ b # la, ER

Afb are associates ⇒ Cas
-

- Cb)

a is irreducible ⇒ ca) # Rig # an ideal a)
at - ca) # CC) 4- R

a is
.



Maximal ideals

R -- any ring .

A maximal ideal Nl in R is an ideal

Nhk R at . if I contains Nl

either F- Nl or 1=12

Proposition : Rye is a field ⇒ I is a maximal ideal

"

Leanna : R is a field ES R contains precisely 2 ideals.

Assume I is mail in R

consider the natural map Tv : R → RE heute n'ng head

cow - theorem ⇒ fideab in Ray → { ideals of R
containing }
boras I

1 maximal ⇒ only ideals in Rk are o- ideal {¥
By lemma , ¥ is a field .

Ry is a field ⇒ no proper ideals in Rfe

cow. -1hm⇒ # proper idea in R containing?

⇒ I is maximal .



prep
a) Let 4 : RSR

'

surjective sing
-

Tomi ;
flirts ) = first yes,
ycrss

-

- 4lb yes,
Y ( IR) = I iz

'

let L -

- kerf -- Er ER I close on }

recall : tenet of any ring hem is ideal

Then R
'

is a field ⇒ I is a maximal ideal

Proof A ring is a field ⇒ it contains precisely Zelenak
in

Soros { R as ideals

⑤ suppose R contains no other ideals L r ER , rt Or
⇒ er) -490133
⇒ ers -- R

se , In Ecr)

so 7- HER ht .

Ir -- Xr ⇒ X is multi inverse

⇒ y is invertible.

⑤ let T be an ideal

WH : J = gory or R
.

Suppose I I 90123
Then I rEJ , r F or

R is a field ⇒ r has a multi inverse . X

J is an ideal ⇒ Xr E T ⇒ IREJ ⇒ s . In EJ

⇒ J = R
t

arbitrary



correspondence theorem

H onto hour
, Ii bijective correspondence

Liam:in
'

here 's ⇒ gifted. }
I i→ y CI )

g-
'

D)← I



b) I is maximal ⑦ 171 is a field
{ r -111 re R'g rt I = r

't?

rtri
'

GI

r-r
'

EI

poof . onto my tour a : R → HI
,

berk -I
r → HI

from cat. 12/7 is a field

⑤ Rts is afield ⇒ af any proper ideal in RE

conespendeue ⇒ If any proper ideals in R , containing hero

⇒ kern is maximal

c) the zero ideal of 90123 of R is maximal ⇒ R is a field
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Reminder 2g R
-

- ring , re R is called irreducible

if ¥ x.y ER ,
neither of which are units

( neither X nor y is multi invertible)
ht . r -- Hy

i) s # unit

SER is prime if qtzuhenaer stay , six or Sly

Question . if y is reducible in QUI .

Leanna

is f reducible in ze×z ?

a) 2J rox ) -

- bit 1- bo E ZHI divides of JELZEXI ,
I = anxht .

" t Ao ,
then bi Ian f bola .

b) Assume biko . Then six ) = bit + bo divides JEZEXI
⇒ - bys , is a root of y ne . Tibby, 1=0

c) A rational root of a ironic poly in ZEN is an integer
→

neff of highest term is 1

Prada, i.e . f = run . Esem poly
ao -- gobo ⇒ bolas
an = bigm ⇒ b, Ian

b) idea .

. J-L-bfy.to ⇒ ex - boy, ) is a factor off in Orena

c) A rational rest of a manic integer poly is an integer

Pf : suppose a/b is a root of f EZEXI

i. e
. feats) so ⇒ bx- a dividesI

⇒ blau ⇒ b -- II ⇒ FEZ

Def
'

n A poly is primitive if an > o f god can , -
. .

,
Ao) =/

Lemma Let ft ZEXI , deglf) > a 4 an > o .

Then TFAE :

i) J is primitive
ire) ht prime numbers p EZ , p doesn't dividef as elements of Etna
iii) if Ulp -

-ZHI → EgµzE×z given
med p on each wet .

then y of Kerl Yp) FP



prop .

a) NEZ is prime in ZEE ② his prime in Z

b) Gauss 's Lemma :

The product of primitive poly 's primitive

"T '

claim .
. tyycx , is prime , it's irreducible

Pf : suppose .

I am . buy s- t
. fix )

-

- aux, box) Ca , b 't II )

J prime ⇒ J divides either ar or b

assume it's a

Jla ⇒ a -- JC f = Job

i = Cb c from Q )
b is unit

.

a) Suppose n is prime in Zeit

claim :
n is irreducible in Zeit

Note : Zeit B integral domain lie
. no zero divisor)

Tg-ro
f- o org -0

Lemma : Ly R is an integral domain 9 re Ris prime
r is irreducible

Now assume u = prime in Z , suppose nljg
wtb : ny or nlg

µnzTx1 integral domain ⇒ 4h41 -- o or 4mg, -0

cites a field) my nlg



b) suppose f. g are primitive .

⇒ leading weft are positive
same p?

⇒ no prime divides all weft 's off ¢

Recall p divides fg <⇒ PIT or ply
Lemma. c EZ ⇒ TEETH { c --god croefl 's of f)
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Than

a) Let Jovi) = primitive 4 GEZTXI . Then if folg in QEII .
then Joly in ZEXI

b) Ff y , g e ZTXI Shane a common hen - constant factor
in Ak-47 , then so in ZEXI

Boy i.e
.

I hint XI at. To - h --g
yWIS : he LZEXI

Recall that It a way to express his) as box , -_ c. hocxl
where CE Q , how = primitive

g - y. .
!
Cho )

g -

- c-fho_→ primitive

It to express gas as gas -- c
'
. g. CX ) where c' ECA

g. ex, is prim AND since get -47 , c
'
-_ Igcdecoff ' ing)

Uniqueness ⇒ c -

- c
' t foh. - go

b) Assume y , go Zeit share a non-constant common factor

By thouday , It way to express he Rett

as him = c. how , CE Q
ho = primitive .

By assumption , HIT tf hlg in eat
.

So holy
'

g holy in Atx 'd Hey holy 4 holy in ZEXI

Thin . WH : fix , is irreducible ⇒ J is prim 1

y is irreducible in

OQTt1AssIme7higE@ex1s.t
. f - hcxlgox)

7=1 ways to express h Egg as h -- c. hoax)
g
- Czgocix,

4
, Cz
f Q

-
ha

, go -- pimply
E-④nx¥



PJ . Assume J is irreducible in Q -47 .

i. e . hey degch ) deg ch) > o

{ J -

- gu 4 g. he OQTXI By all of our hard work .

can assume g) HE ZEH

Note: elegy -- degcgst elegant

degllfplgcx 'll Edegcgcxi)

PX an ⇒ degclfptjl) = degcf)

Cfp is a ring hom ⇒ 4pct) = cfplglcfpch )

deglypl.gl/Edeglg17o4degc4plhDEdegch) > O

ly deglf )
-

- degcyplfl ) 4 4pct, -_ cfplgjuplh)

⇒ degcyptl) = degcyplgiltdegccfpchl)
④

deglf) 70

Note . converse fails :
ie . I irreducible fix ) E Aha that's reducible in 242242



A list of reducibility test 's

i ) rational root test

If Eb EQ is a root of J (⇒ abt -al is a factor
of Jt . Then at co t b Icu

ii ) Deg 2 or 3 test : If deg f- = 2 or 3 then

§ reducible in
.

@txt ⇒ f has a root in 00g

( also works fr Kpk )

rival integer test .

. f irreducible over OQ <⇒ over Z

in med p test
'

lfplg) C- Z/pzTxI irreducible one 24pA

⇒ S irreducible in E

VI ) Einstein :

p anti Phon , plant, . . .

, co . 4 Patco
then f is irreducible



Nov H

PJ Eisenstein 's criterion
:

Assume f is reducible over A
⇒ I g. HE ITH SH. J-gh

let J = 4pct ) = Lan med p ) x
" t

. -
- t Cao med p) C- E/pzEX1

pla . . . . . .

,
an- ' ⇒ I = Canned pjx

"
= AT X

"

Yp is a ring hem ⇒ J =

-ghZ/pz=field so if cheo , one of c. k is o

g -

- og X
'

4 I = qxs
IV

constant term, go of g, has to be a hnltiple of p

g oho = Ao , is a multiple of p2
AT

a multiog p

Def
'

n Tf k
-

- field by Fok . is a subfield

ve say that K is a field extension of F

by we write KIF

Def' n suppose he K , KIF .
A is algebraic over F

if I a ironic poly f E F -42 Sit. JK) -- ok

if d is not alga over F , a is called transcendental over F

Lemma Given a E K , KIF ,
a is algebraic over F

⑦ Yz : FIX? → K is not one-to- one

where yalpcxD= pun)

Pf : ya hot one to one ⇒ beer ups) f fo} I JEFTXI
5.t.gg#-- o



so suppose a Ek is algebraic our F

FINI -

- PID c principal ideal domain)

her up) =L-jcxD ,
JE FIT?

proposition assume a Ek algebraic over f
Then TFAE for a given ironic poly JE FEI :

i) f = ironic piety of smallest deg in f-TAI s it
. Junko

it) y is irreducible in FIXI 4 Tch = o

iii ) Cfm ) = kerf '

g cyan ) is maximal

iy Jin -- o 4 if g e Fett set. 9cL) =o ⇒ Jtg

ti) ⇒ Lii) .

suppose f- = ironic piety of smallest deg ht . fw=o

suppose I = gh , g .
h C- FEXI . fed ) = o ⇒ gashKK o

⇒ g ca) =D or heh ) = o

f -- gh ⇒ clegg = degcg ) t degch)
⇒ if either degcg , or dlglh ) 70

beth degcg) f deg ch) is a degcf)

H
contradicts f is smallest

ED ⇒ Edit Assume fun, = o by f is irreducible over F

Mb Yun is ma in

FE←dIf not , I ideal I in FEXI Et
. Cycad 4- I ft FZXI

g) Ccgs ⇒ g- Ecg ) ⇒ I r sit. Jorg <i⇒I¥'



Nov 30

Field extension

irreducible monic poly tix ) w/ wet in F

imagine
"

adjoining an abstract element a. satisfy fate

the Fed) is the smallest field container beth F dy h

Fen -K need be a field extension of F

lasttime Given KIF
,
a E K

suppose a = algebraic over F

" e I fix ) = x
"
tan - IX

" "
t

. .
. tao C- FEET

'

9 TH)⇒

Then It a poly , gvx , sit.

i) g = ironic poly of smallest deg w/ GE Fut

hut
. gunk 0

ii ) g is irreducible over

Fieri
) ( gbh ) = ideal generated by g 1h FIX? , is maximal

as if Tca ) o
,
then gj

g is the ived . poly for a over F

degree of a B the deg of 9

Fca) E K
"

smallest subfield of K containing F 4 a
Donberber ya : fan. → K

pom ↳ put
7-mafia) = EXE KI a bndhtbu , a

"
t- " tb.}

FEI = ringL ( integral domain !

F- field se FTXI is an integral domain

FELT I Fhhfhth ,

FLN is Rst a field of Laeken g FELI



prop Let a Ek , KIF , a- alg . over F 4 Just = irreducible
lady for a our F .

Then consider:

Y : Fh → Fed ? given by

Does this
make sense?

41pct) t Cfl ) = Pcd )
put gantry

then Ya is an Bom

ptiflegp -14J
so FEI is actually afield ⇒ e- q Ect)
because Cf ) is maxinet ⇒ p - g

-

- gcxsfcx )

⇒ Fcxafy, is a field
⇒ (pigs ca) -ganged -- o

H

Flat = FELT PKI - 9k )

w

not the when Ff field

Pf HI maxine ⇒ Feiyy, is a field

consider 42 : FED → K

p CX ) to pen

4h is onto

it isone thin ⇒ FAT
Kenya)
I FELT

Kerala ) = if)

FEM Feit

¥4, anise"be
g

cfcpcxstcfD= palps ⇒ 4=18



From Hoi 'h Artin

FIJI is a vector space over E

( lid , . . . , d
""
j is a basis for FELI our f

n
-

- deg
⇒ Fcs) is a vector space over F y dimension = degen



Dec 2

Def've Given KIF , the degree of K over F , degik ,
is dimfck, = dim 'u of K as a E-vector space

degf K=2 KIF is called a quadratic extension

=3 -

.

-

-
-

'

cubic extension

Prep 2J a E K , KIF, a -_ alg . ever F

Then Etch) : f- I - deg of toned poly for a over F

Leanna is KIF has degree I K IF

it ) AEK has degree I over F ⇒ AEF

Pf 25 dime k ⇒ , any nonzero element if K is a basis

so I E k is a basis
.
so all of K is of the form lath inF)- I

w
C- F

Ig F- K⇒ EB is a basis for k over F ⇒ degfk -_ I

ti) WIS LEK has deg I over F ⇒ DEF

dega over F = deg of irred poly for a auf

d. has deg I C⇒ this poly is x- a ⇒ Let

IT DEF ,

then X- a is the med pay for doer F

Prep Assume characteristic LF) -42 ,

i.e . Hi to.

Then any quadratic extension k ever F can be obtained

by adjoining a square root , i.e. k=F Css , where 8-=D
,
(DEF

Mn FCS) B a quadratic extension



Pf Let h E K ,
d Eff ,

uher K = quadratic extension of F

claim : Cl , as is linearly independent our I

F- Hi , XLEF at. Xi ' I -17124 to

⇒ Hgh I - X ,
.
If 42=0 D O - - X , ⇒ X ,

= o

⇒ 42 to
, XZEF ⇒ XI

'

= f ⇒ 2=-45
'
X ,

CK:FI=2 ⇒ u , a) is a basis t

⇒ as has to be a liker combo of cha )

h . I bi off s.t.AZ = batc ⇒ a is a root of fextx- ba- C

d # F ⇒ J is irreducible over F

Quadratic formula : x= -b± selves aHtbxtc=o

This works our any field so long as 240

set s=tff4ac , claim ! SEK
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Recap : If chance ) # 2 , i.e.
HI ¥0.4 if KIF is a quadratic

field extension . then 7- Sek.sk F but SEF f K'Fcs)

D pick some 2E K , a KFC 2 exists because K=fC⇒Ek:# =L)

2) Cla) is linearly independent . i.e . ifxi.x.EE ,

then Xi . If ya . d =o

⇒ a -12=0

6) Given yet, =ax4bxtC ,
where JEFEXI .

- l

se long as chance) ¥2, a.CHD
- t

. C-BITE)
helves full

-

- o

7) In our situation , fix , =P - bx - o

claim : I GE k s . t .
82=62 -Qe

8) 8=24 - b satisfies 5=6440

claim : S C- Fun)

similarly a EFC 8) C because 4=5
'
. cstbi)

& "

Fca) EFCS)

Fcb) C-Fca ) ⇒ Fca ) = f- CS )

flowerer , Fed) ek , since it's a 2 clinic subspace

of k, which is itself only 2 clinic

⇒ Fcs ) = K



Then FCK CL fields
Then TL -

-FI = KICK '

- FI

Ff .

Let B = (B . . . .
.

. Bn ) = basis for L as a K- venter space

and 6th = Cai , .
.
.

,
dm) = basis for K as an F-vector

space .

we'll show Edify 3 IT is a basis for Las an
F- veto space

1) Edi B 53 Ba spanning set for Lever F

⇒ Edify } are linearly independent over F



Deal

consequences from last time

a) FCK , KIF is a finite extension of deg u

} a Ek .
Then a B algebraic ever F . 4

degl.LI/ndegcm--EFCdl:FI-LK--FI=n--Ek:FCHIIFCL
) : F1

b )
FCF

'

CL
'

g xEl algebraic over F .

Then L is also algebraic over F
'

Lf dey put = d . then degp .
Cdt ed

4 is a neat g f c- FIX? ⇒ y is a nnltiple
(g)

of whether the ined
. poly is for a in F

'

-0×2

⇒ J = gtxshcx) for some half fEx1⇒ deg

⇒ degcg, E deg of )

c) Tf k
-

- FCA .
. .

.

,
th ) , 21 , . .

.

, du dlg . over f

then TK '

- FILI

'

- Ekifh - II Eth - i ith-21 .
" IF, : FI

d) 2J KIF ,
then alg . elements in Klf form a subfield

WIS : a , BEK alg . over F, then at B { xp is also

alg . over F .

at B
'

g op are both elements of FC2.fr ,

Gina Tech , As ifI cry by cc)

by ca) any element in a finite extension our F is alg. qtr



uuseqvlnlecb, ⇒ degkfs = Ek
'
: KI E deg @ Far

⇒ N E nm

argument ⇒ Tek '
: Fa is divisible by lemon , n)

which if gcdcm.nl -

- I
,
is run



Dee 9
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Lemma
F -- field , fix ) c- FTXI irreducible over F

Then in the field k= FEt%yix , )
fans is a root of futz

Tv : text → Fenley exit -- K
X t xtlfcxl) = TUX)↳

appose fix ) = auth -1 - " ta . aiff

④
Can -141 ) (Xtlfl )

"
-1 Can, tcflllxtyi )

""

t - .
. t la

. -141) = q,
← k

y)

FEMguy) has an element that is a root fix,

Definition F -- field; a poly fetish splits completely
over some field extension K if J factor
into linear pieces w/ Neff in k

Leman E- field , f -- ironic poly in Fett , deg # so ,

Then I a field extension K in which f
splits completely



Finite Fields
Let p -- prim . let r EN , q=pr

a) I a field g order q . Any 2 fields of

order g are isomorphic .

b) If f- = finite field . IFI = 9 for some per.

c) 2J let =q ,
the hay element is a root y

I - X

d) The irreducible factors of x9 - x in 24Pa are

exactly the irreducible poly's of Fett ,

IFI =pr satisfying property that their degree
divides r

e) Let FY = gp of multi units in F

= gp of order
g
- l

Lt's a cyclic gpt

g) F = finite field , If I pt
then F contains a subfield of size pk

② klr



py
Lf I a field kg size prog

og
then Id E K , 49 - L =p

cc) Lf such a k exists , 1kt 1=9-1 .

so given de k ,

Lagrange's thin ⇒ order of a
= smallest int

n Gt
. 24=1

has to divide g
-I

⇒ q - I smh
, M EZL

so 29-1
= am" = cdhjm =/

⇒ 29
- t

- I = a jutting
by a


